Vortices are universal and robust states that exist in all realms of physics. In classical systems the rotational motion of a vortex is often characterized as a Rankine vortex [1] , whereby an inner region near the vortex core rotates as a solid body and an outer region rotates as an ideal fluid. That is, the tangential velocity first increases linearly with radial distance from the vortex core, and then decreases inversely. On the other hand, wave function vortices such as those in optics are frequently described as perfectly coherent modes exhibiting only the quantized circulation of an ideal quantum fluid. This Letter describes how spatial coherence properties require the latter to exhibit Rankine vortex characteristics and nonquantized and anomalous circulation. After presenting a geometrical optics account of the system to identify its basic features, we give a statistical optics account that includes numerical computations of ensemble averaged quantities.
The field of a coherent vortex mode includes a phase factor expim, where is the azimuth measured about the center of the vortex in the transverse x; y plane and m is a nonzero integer called the topological charge. Vortex modes appear in optical systems ranging from the highly symmetric [2] to the random [3, 4] . Although the characteristics of coherent vortex waves are well understood [5] , the nature of partially coherent vortices is still emerging [6 -16] . Perfect spatial coherence (and incoherence) is not physical, and thus a lack of understanding is a fundamental problem.
A laboratory system that may be used to generate a partially coherent optical vortex is shown in Fig. 1 . Light propagates through a vortex lens having a surface that resembles the single turn of a helicoid [17, 18] . From a geometrical optics point of view, the vortex lens deflects a ray passing through a point Fig. 1 rays 1 and 2 are both deflected in theŷ direction, whereas rays 3 and 4 are, respectively, deflected in theŷ and ÿŷ directions. The net azimuthal k vector at a screen in the x; y plane may therefore be expected to vary differently for regions inside and outside the radius r a 0 , where a 0 az=d is the projected radius of the source through the center of the vortex lens. Integrating over all the rays passing through the vortex lens, we find that the net azimuthal k vector at the screen is given by 
Thus the geometrical optics description predicts an ideal Rankine vortex. The scaling factor is determined by setting the circulation integral C r H k d equal to 2m when r a 0 . The transverse coherence length at the vortex lens may be expressed as L c 0:61d=a, where is the wavelength of the quasimonochromatic beam [19] . At the coherent limit, L c ! 1, we recover the quantized circulation result across the entire beam: C coh 2m. At the incoherent limit, L c ! 0, the circulation vanishes: C incoh 0. We interpret the area r < a 0 as a region having uniform vortex charge density, m=a 02 . For 
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where the points r; , s j ; j , and j ; j are represented in Fig. 1 2 , where w v and w characterize the radial size of the vortex core and Gaussian background envelope, respectively [20] . Note that when the background is uniform (w ! 1) and when r a 0 ; w v , the lowest order approximation to Eq. (2) is simply Er; expim 0 P N j1 expi j . Far from the optical axis the field may therefore be expected to resemble a vortex having the same charge as the composing fields, m 0 .
Intensity and cross-correlation functions are computed using the following expressions:
r; RefEr; E r; g: The locations of the composite vortices within the constructed ensemble (e.g., the points where the intensity vanishes) are found to be randomly distributed, as shown in Fig. 3(a) . Rather than following a uniform distribution, as assigned for the composing beams, we found that the composite vortex locations are Gaussian distributed, as shown in Fig. 3(b) . This may be understood as a form of the law of large numbers for composite vortex fields. A least-squares fit suggests that the standard deviation of the histogram, , may be expressed as =w a 0 =a 0 w. For the example in Fig. 3 , a Gaussian envelope having a waist radius of 200 pixels was used for the composing beams. These results did not change significantly when w v was varied.
The ensemble average intensity and cross-correlation functions are given by hIr; i Fig. 2(d) ] is practically undetectable. In contrast, the cross-correlation image contains a distinct high contrast circular phase dislocation of radius R pd , as expected [12, 13] . As the value of a 0 increases, several things happen: the transverse coherence length decreases, the vortex becomes more diffuse, the beam spread widens, and the dislocation radius tends to increase as R pd =w a 0 =a 0 w. The latter relation suggests that R pd and are equivalent. Indeed jR pd ÿ j=w 0 in Fig. 3(c) . Thus, in the opposing limits a 0 =w ! 0 (high spatial coherence) and a 0 =w ! 1 (low spatial coherence), we find R pd a 0 and R pd w, respectively. The relation between R pd and a 0 allows a determination of the angular extent of an incoherent light source. For a distant unresolvable light source, such as a star, the apparent angular extent a=d may be determined by measuring, with a wave front folding interferometer, the diameter of the ring dislocation and the distance z: R pd =z=1 ÿ R pd =w. This ''vortex stellar interferometer'' configuration suggests a means of measuring stellar sizes with smaller baselines than the Michelson stellar interferometer if R pd w. In the latter case, R pd =z. Optical magnification of the ring may be required to achieve milliarcsecond resolution. To explore the relation between the ring phase dislocation in the cross-correlation function and the Rankine vortex characteristics, we determined the ensemble average topological charge (or vortex strength) enclosed within a circle of radius r. Values of hMri may be computed by first determining the angular spectrum of each member of the ensemble, f m r j2 ÿ1 R 2 0 Er; expÿimdj 2 , and averaging the first moments over all members of the ensemble:
Examples for uniform (w a 0 ) and Gaussian (w a 0 ) background beams are shown in Fig. 4 . In the former case, hMri increases monotonically from zero to m 0 . In contrast, the Gaussian case exceeds unity before eventually decaying to m 0 . The enhanced values of hMi > m 0 are attributed to the high probability of multiple vortices in the composite field in the region beyond the waist (r > w), and the subsequent decay is attributed to competition from negatively charged vortices in this region. The irregular spawning of composite vortices is a wave phenomenon attributed to the linear superposition of vortex fields. These vortices occur at points of total destructive interference between the composing beams, and their locations are not restricted [21, 22] . Corresponding plots (dashed lines in Fig. 4 ) of the magnitude of the ensemble average azimuthal wave vector, hk riR pd hMriR pd =r, exhibit Rankine vortex characteristics and a rollover point in the vicinity of r R pd . The value of the slope of hk iR pd for r R pd in Fig. 4 has an approximate value of 3, which corresponds to a vortex charge density of roughly unity across an area of R 2 pd . Note that in the anomalous case the value of hk ri is a relatively constant maximum over a range of 2R pd .
In conclusion, both geometrical and physical optics models predict Rankine vortex attributes in partially coherent vortex beams. To the extent that perfectly coherent and incoherent waves are nonphysical, our results suggest that wave function vortices must, on average, have a vanishing vortex strength and a vanishing azimuthal wave vector at the center of the vortex core. (In contrast, hk ri diverges at the origin for a perfectly coherent beam.) The ensemble average vortex charge is nonquantized, and the value may exceed the charge of the composing beams. Whereas the ray optics model predicts an abrupt transition from solid-body to fluidlike circulation, the statistical optics model predicts a smooth transition, which is common in other vortex systems in nature. We have proposed using a measurement of the dislocation radius in the cross-correlation function to determine the size of an unresolvable extended object. Finally, our results suggest that anomalous circulation in a seemingly classical or incoherent system may be attributed to an underlying wave nature involving random vortex states. 
